INTRODUCTION
Let A be a ring over a field k of characteristic p > 0. The absolute Frobenius homomorphism F A of A is the homomorphism A → A defined by F (x) := x p . It is easy to see that this is indeed a ring-homomorphism using that in the binomial expansion of (x + y) p all the mixed terms are divisible by p. Furthermore,
(1) F A is a functorial homomorphism, that is, it commutes with any homomorphisms of rings over k, and (2) F A induces identity on Spec A, since for any prime ideal q ⊆ A, x p ∈ q ⇒ x ∈ q by the prime property. In particular, for any scheme X over k, one obtain the absolute Frobenius homomorphism F X : X → X, which is identity on the underlying topological space |X|, and for every open set U ⊆ X, F # X (U ) is the absolute Frobenius homomorphism of the ring O X (U ). This survey is about techniques that become very fertile in the past 5 years in algebraic geometry over k, using structures arising from absolute Frobenius morphisms. The basic idea behind these techniques is the following: given a scheme X over k, the absolute Frobenius morphism of X comes with a structure homomorphism O X → F * O X . In particular, this homomorphism endows F * O X with a O X -module structure, which is coherent in the most algebro-geometric situations, e.g., if X is quasi-projective over k and k is perfect. Then the investigation of the following deliberately vague question led eventually to techniques discussed here: Question 1.1. What is the O X -module structure of F * O X ?
There are two ways one can branch from Question 1.1. One can ask for the global structure, when X is projective, or one can ask for a local module structure, when X is affine. Historically the latter appeared first, in commutative algebra. One of the first milestones in this study was the proof in 1969 by Kunz of the statement that locally F * O X is a free O X -module if and only if X is regular [Kun69] . This foreshadowed deep connections to singularity theory that materialized a few decades later. Then further, investigations of the module structure followed, eventually growing into a major area of commutative algebra (e.g., [HR76] , [HH90] , etc). The investigation of the global module structure originates from representation theory (e.g., [MR85, RR85] ). In the early 90's the connection between the two perspectives was realized and then they were connected to algebraic geometry (e.g., [MS97, Har98a, Smi00b] ). The typical statements of this period were connecting module theoretic notions to singularity theoretic notions of algebraic geometry. Purely geometric applications, that is, statements that had nothing to do with module theory, and for which the module theoretic input was used only in the proofs, came about only much more recently. Primarily by the presentation and generalization of the commutative algebra arguments to a more geometric language by Karl Schwede (e.g., [Sch09, Sch14] [DS15, DH15] , inversion of adjunction [Das15] . We refer to Section 5 for more detailed list and explanation on these results.
Structure
In Section 3 we present the fundamental definitions of the area as well as some of the classical statements, where classical means that they were (mostly) proven before 2000. In Section 4 we present more recent statements that are geared more towards birational geometry applications. In particular, all of them are centered around finding sections of line bundles in the presence of some positivity. Lastly, in Section 5 we survey the recent applications to higher dimensional algebraic geometry of the methods presented in the previous sections.
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SETUP
For simplicity, throughout the article, we are working on either quasi-projective varieties X over a perfect field k of characteristic p > 0, or on Spec O X,x , where X is as above, and x ∈ X is arbitrary.
BASIC NOTIONS -FUNDAMENTAL RESULTS

F -purity and global F -purity
One of the simplest special case of Question 1.1 is the following: Question 3.1. Does the map O X → F * O X split as a homomorphism of O X -modules?
In fact, if the above splitting occurs locally, we call X F -pure, and if it happens globally we call it globally F -pure. In this section we explain some of the relevance of these two notions to algebraic geometry. We start with (local) F -purity.
Remark 3.2. The splitting asked for in Question 3.1, is equivalent to the natural evaluation map Hom X (F * O X , O X ) → O X given by ψ → ψ(1) being surjective. Then one can deduce that F -purity is a local notion. That is, X is F -pure if and only if Spec O X,x if F -pure for all x ∈ X [ST12, Exc 2.9]. In particular, X is F -pure if and only if the splitting asked in Question 3.1 happens at every local ring, or equivalently on any affine cover. 
Example 3.5. The cone over the Fermat cubic {x 3 + y 3 + z 3 = 0} is F -pure if and only if p ≡ 1 mod 3. This in turn is equivalent to the corresponding elliptic curve being ordinary. One can show easily the above statement using Corollary 3.4. For example, if p ≡ 1 mod 3, then x 3 + y 3 + z 3 p−1 contains the non-zero monomial
, and all the other monomials of x 3 + y 3 + z 3 p−1 are in (x p , y p , z p ). In particular,
As cones over elliptic curves are the typical examples of log canonical surface singularities, Example 3.5 might indicate already that F -purity is closely connected to the usual notions of the classification theory of algebraic varieties. In fact, F -pure singularities are connected to log canonical singularities, and projective, globally F -pure varieties are connected to Calabi-Yau type varieties.
Before stating any precise statement about this connection, let us recall first these notions. Let (X, ∆) be a pair, that is, X is normal, and ∆ is an effective Q-divisor, i.e., a formal sum a i D i , where a i ∈ Q and D i are irreducible Weil divisors. Then (X, ∆) has log canonical singularities if K X + ∆ is Q-Cartier, and for each normal variety Y , and birational proper map f : Y → X, all the coefficient of Γ are at most 1, where Γ is the unique Q-divisor for which (3.5.a)
holds. Note that in (3.5.a) we require actual equation, as opposed to linear equivalence, and we assume that
If X is just a normal variety, without any further assumption, we say that X has log canonical singularities if and only if there is an effective Q-divisor ∆ on X such that (X, ∆) is log canonical. Similarly a projective variety X is of Calabi-Yau type if there is an effective Q-divisor ∆ on X, such that (X, ∆) is log canonical and K X + ∆ ∼ Q 0 (Q-linear equivalence means that some multiples are linearly equivalent). One direction of the above mentioned connection is in fact not hard to prove, and we will show it in Section 3.4: (1) If X is F -pure, then it is log canonical, that is, there is an effective Q-divisor ∆, such that (X, ∆) is log canonical. (2) If X is projective and globally F -pure, then it is of Calabi-Yau type, that is, there is an effective Q-divisor ∆, such that (X, ∆) is log canonical and K X + ∆ ∼ Q 0.
In the case of reductions of characteristic 0 varieties mod p, one also has a backwards statement, conditional on the following arithmetic conjecture: Let Y be a smooth, connected projective variety over an algebraically closed field k ′ of characteristic 0. Given a model Y A of Y over a finitely generated Z-algebra A, the set {s ∈ Spec A|s is a closed point such that the action of Frobenius on
is dense in Spec A.
Theorem 3.8. [MS11, Tak13, BST13] Let X be a log canonical singularity over an algebraically closed field k ′ of characteristic 0. Given a model X A of X over a finitely generated Z-algebra A, {s ∈ Spec A|s is a closed point such that X s is F -pure} is dense in Spec A, if we assume Conjecture 3.7.
The proof of Theorem 3.8 is beyond the scope of the present paper, so we refer to the above references.
Remark 3.9. In some special cases there is a backwards implication as in Theorem 3.8 also in equicharacteristic. In particular, in dimension 2, most log canonical singularities are F -pure [Har98b] . For an example statement with proof along this line see Corollary 4.18.
Assume we have a (projective) Calabi-Yau type variety X in characteristic zero. That is, X is projective, and there exists an effective Q-divisor ∆ on X, such that (X, ∆) is log canonical and
Hence, the log canonical version of Kodaira vanishing [Fuj09, Thm 2.42] yields that H i (X, L) = 0. This is a fundamental property of Calabi-Yau type varieties, which is to a large extent responsible for the Mori dream space property of Fano type varieties (special cases of Calabi-Yau type varieties defined in Section 3.2). Surprisingly, the above vanishing holds in our situation, so in characteristic p > 0, for globally F -split varieties: Theorem 3.10. Let X be a normal, globally F -split projective variety, and let L be an ample Cartier divisor on X. Then the following holds.
(
Proof. Let ψ : F * O X → O X be the splitting of O X ֒→ F * O X guaranteed by the global F -purity of X. The map ψ being a splitting is equivalent to the condition φ(1) = 1. Hence, for any integer
. That is, we have a commutative diagram such as:
By first tensoring the above diagram by O X (L) and then applying H i ( ) to it, plus using that
, since (F e ) * raises each line bundle to the p e -th power (because it raises the gluing functions to the p-th power),
, since F e is an affine morphism, we obtain the commutative diagram:
Next, we note that by Serre vanishing H i (O X (p e L)) = 0 for e ≫ 0, which then implies that H i (X, O X (L)) = 0, which is exactly the statement of (1). The proof of point (2) proceeds along the same line, except one needs the vanishing of H i (O X (−p e L)) = 0 for e ≫ 0, which follows from Serre duality, when X is Cohen-Macaulay [Har77, Thm III.7.6].
Theorem 3.10 leads us to the first purely algebro geometric application to the theory: if global F -purity is known for a class of varieties, then Kodaira vanishing is known for this class. For this, one has to find such a class:
Example 3.11. [Har96, Example (3.6)] If X is a smooth del Pezzo surface over k, and p > 5, then X is globally F -pure. In fact, in [Har96, Example (3.6)] it is stated that such X is globally F -regular, which implies global F -purity as we will see in Section 3.2.
Then one obtains the following (which is well known in fact for the more general class of surfaces of special type except the quasi-elliptic surfaces of Kodaira dimension 1 [Eke88, Thm 1.6], so this is admittedly a quite weak example application only):
Corollary 3.12. If X is a smooth del Pezzo surface, and p > 5, then Kodaira vanishing holds on X.
F -regularity
Here we discuss the different notions of F -regularity that relate to Kawamata log terminal singularities and Fano type varieties as F -purity is relating to log canonical singularities and Calabi-Yau type varieties. In fact, as we will see it soon, the statements are even nicer in this case, as F -regularity is the version of F -purity that is stable under perturbations. This again parallels the log canonical and Kawamata log canonical analogy, since the latter is the version of the formal that is stable under perturbations by any effective divisor. Definition 3.13. [HH89, Smi00a, SS10] Let X be affine and normal. Then X is said to be strongly F -regular if for all effective divisors D ≥ 0, the composition of the following natural maps splits for some integer e > 0:
Here F e denotes the e-times composition of F with itself.)
Similarly, if X is projective and normal, then X is said to be globally F -regular if for all effective divisors D ≥ 0, the composition of the following natural maps splits for some integer e > 0:
Remark 3.14. A few remarks on Definition 3.13:
(1) The two definitions in Definition 3.13 are indeed formally completely the same, the only difference is that in the first case we assume X to be affine, while in the second one we assume it to be projective. In particular, the latter is a global property, and as we see from the following point, the former is a singularity property. (2) One can show that strong F -regularity is a local property, that is, X is strongly F -regular if and only if so are all its local rings [HH89, Thm 3.1.a]. Hence, one defines in general X to be strongly F -regular, if any of its affine covers is strongly F -regular, or equivalently, if all its local rings are strongly F -regular. (3) By restricting the splitting of Definition 3.13 to F * O X ⊆ F e * (O X (D)) we see that a strongly F -regular scheme is F -pure and a globally F -regular scheme is globally F -pure.
Strong and global F -regularity are connected to the notions of Kawamata log-terminal and Fano type varieties analogously to how (global) F -purity is connected to the notions of log canonical and Calabi-Yau type. For this let us recall that the definition of Kawamata log terminal singularities is verbatim the same as of log canonical singularities, except one requires from Γ, defined in (3.5.a), to have coefficients less than 1, instead of less than or equal to 1. Similarly, being Fano type is analogous to being Calabi-Yau type. That is, X is Fano type if there is an effective Q-divisor ∆ on X such that (X, ∆) is Kawamata log-terminal, and −(K X + ∆) is ample. Then the F -regular version of Theorem 3.6, is verbatim the same except one has to make the following replacements: (1) If X is strongly F -regular, then X has Kawamata log-terminal singularities.
(2) If X is projective and globally F -regular, then it is of Fano type.
Since the proof of Theorem 3.15 is very similar to that of Theorem 3.6, we omit it. Despite the statements of Theorem 3.6 and Theorem 3.15 being verbatim the same, in general strongly F -regular singularities and globally F -regular varieties behave better than their F -pure counterparts. This parallels the well-known phenomenon that in characteristic zero Kawamta log terminal singularities and Fano type varieties behave better than log canonical singularities and Calabi-Yau type varieties. For example, smooth Fano varieties are bounded [KMM92] , while smooth (algebraic) Calabi-Yau varieties are not (although it is conjectured that over C their topological types are bounded). The first instance of the above phenomenon is that the reduction theorem is stronger for strongly F -regular varieties, than Theorem 3.8. Indeed, on does not need to assume the arithmetic conjecture Conjecture 3.7:
Theorem 3.16. [Tak08, Tak04, HY03, Har96, MS97] Let X be a Kawamata log terminal singularity (resp. a Fano type variety) over an algebraically closed field k ′ of characteristic 0. Given a model X A over a finitely generated Z-algebra A, {s ∈ Spec A|s is a point such that X s is strongly F -regular (resp. globally F -regular)} is open and dense in Spec A.
We note that for globally F -regular varieties, one can also strengthen the Kodaira vanishing result of Theorem 3.10 in different ways, for example by allowing nef and big divisors [Smi00a, 4.2-4.4], [SS10, Thm 6.8].
Duality theory
The vast use of the above defined notions in algebraic geometry was to a great extent due to a systematic study of the dual formulation of the above notions (e.g., [Sch09] ). Here, in Remark 3.17, we summarize the most important facts of duality theory needed for further investigation. These concern the most manageable case of the theory, that is, the case of finite surjective maps, which is already discussed and proven in Hartshorne's widely used graduate text book [Har77] .
. These obey the following properties:
(1) According to [Har77, Exc III.
, where ω 0 Y and ω 0 X are the dualizing sheaves of projective equidimensional schemes over k defined in [Har77, p 241, Def], and will be denoted by ω Y and ω X here. In fact, the above isomorphism can be taken to be unique with a correct setup of the theory [Har66] , which in the language of [Har77, p 241, Def] means remembering the trace map. This subtlety is usually indifferent for the methods presented in the present paper, hence we disregard it for simplicity. (2) For every quasi-coherent sheaf G on Y one can define a trace morphism Tr f,G :
In particular, this yields a trace morphism
(3) According to [Har77, Exercise III.6.10.b], there is a natural isomorphism for every finite, surjective morphism f : X → Y , and quasi-coherent sheaves F and G on X and Y , respectively:
where we used the projection formula in the last step. (5) For the last property, recall that if X is normal, then there is a good theory of reflexive sheaves of rank one, which is equivalent to the theory of Weil divisors modulo rational equivalence. This generalizes the usual equivalence of line bundles and Cartier divisors modulo linear equivalence. Here a sheaf E of rank 1 is reflexive if it is a rank 1 coherent sheaf such that the natural map E → E * * to the double dual is an isomorphism. Equivalently E is reflexive if and only if E ∼ = ι * E| Xreg , where ι : X reg ֒→ X is the usual embedding [Har80, Prop 1.6]. Furthermore, for an arbitrary coherent sheaf F of rank 1 on E, F * * is called the reflexive hull, which is the smallest extension of F/ Tors(F) to a reflexive sheaf.
The above mentioned equivalence of reflexive rank 1 sheaves and Weil divisors is defined verbatim the same way as for Cartier divisors. That is, in one direction sections of rank 1 reflexive sheaves define Weil divisors (indeed such sheaves are free at the codimension 1 points by the classification of finitely generated modules over PID's). In the other direction, (O X (D))(U ) is defined with the usual formula, {f ∈ K(X)|(f ) + D| U ≥ 0}. Now, we can state the property we would like to use: if X and Y are normal, and D is a Weil divisor on Y , then for any integer e > 0, (
. This is in fact, not hard to show. First, one shows by (3) that f ! O X (D) is reflexive. However, then the above isomorphism can be proven on X reg (by the above unique extension property from X reg ). Second, there we obtain the statement by (4) together with the fact that F * L ∼ = L p for any line bundle (, since the gluing functions are raised to p-th power).
Applications of duality theory
In this section we apply the facts recalled in Section 3.3, to prove Theorem 3.6. In the meanwhile, in the proofs, we also discuss important ideas for the general theory.
In the following lemmas we use the notion of Weil-divisorial sheaves overviewed in point (5) of Remark 3.17. Whenever we write F * O X (D) for some Weil divisor D, we mean F * (O X (D)). We omit the parenthesis for simplicity.
Lemma 3.18. Let X be normal variety, and D a Weil divisor on X. Then, there is a one-to-one equivalence between splittings of
and between sections s of
given by applying the duality functor Hom X ( , O X ).
Proof. The splitting of (3.18.a) is given by a diagram as follows.
Hence, by applying the duality functor Hom X ( , O X ) to the entire (3.18.b), we obtain that (3.18.b) is equivalent to
mapping to 1 via the map of (3.18.c). Lemma 3.20. Let X := Spec R for a DVR R, and let D be the divisor defined by the local parameter. If O X ֒→ F * O X (rD) splits for some integer r > 0, then r < p.
Proof. Let t ∈ R be the local parameter. For any injection ι : O X ֒→ E into a free coherent sheaf (which is equivalent to torsion-free here), if ι splits, then there cannot be s ∈ E such that ι(1) = ts. Indeed, if there was such an s, then for the splitting ψ : E → O X we would have tψ(s) = ψ(ι(1)) = 1. This is impossible.
On the other hand, if
Therefore, α(1) = ts ′ for some s ′ ∈ O X (D), and then for s := β(s ′ ) we have ι(1) = ts.
Proposition 3.21. Let X be either affine and F -pure or projective and globally F -pure, and normal in either case. Then, there is an effective Q-divisor ∆ on X such that (p − 1)(K X + ∆) ∼ 0 (where ∼ means actual linear equivalence, not only Q-linear equivalence), and furthermore, the natural map
splits.
Proof. Let ψ : F * O X → O X be the splitting given by the F -pure assumption. Let s be the section given by Lemma 3.18, with D = 0. Setting then D := V (s) (where s regarded as an element of
Furthermore, since s maps to 1 via Tr F,O X , so does 1 via the following composition.
Then, Lemma 3.18 applied with D = (p − 1)∆ yields the splitting of (3.21.e).
Proof of Theorem 3.6. Let f : Y → X be a birational, proper map from a normal variety. Let ∆ be the Q-divisor guaranteed by Proposition 3.21, and let
Hence s induces a section t of O X ((1 − p)(K Y + Γ)). Consider now the following diagram.
The diagram commutes with the advanced setup of dualizing theory, since it commutes over the open set U ⊆ X over which f is an isomorphism, and furthermore codim X X \ U ≥ 2 (see Remark 3.17.
(1) for a discussion on this). In our setup, based on only facts from [Har77] , trace maps are only defined up to pre-multiplication by a unit in the source. In our case this means a unit u ∈ H 0 (Y, F * O Y ). However, then tu will be taken to 1 over U , and then using the above codimension condition, also globally. Using now Lemma 3.18 we obtain that the map
admits a splitting. However, then Lemma 3.20 implies that coeff E ((p − 1)Γ) ≤ p − 1 at every prime divisor E of Y , which is equivalent to saying that coeff E Γ ≤ 1. This is exactly the condition of log canonicity. Hence we have finished our proof.
NEWER METHODS -FINDING SECTIONS
Many results in higher dimensional algebraic geometry can be shows by exhibiting sections of line bundles with certain positivity. In characteristic 0, this is usually done by considering exact sequences of the type
(where Z is a closed subvariety of X, and L is a line bundle), and using that
is zero by some vanishing theorem. Unfortunately, these vanishing theorems fail collectively in positive characteristic. Having introduced the basic notions of the Frobenius method in Section 3, as well as having reviewed their relation to the notions of birational geometry, we proceed here with presenting the recent methods to finding sections, and hence circumventing the above mentioned failure of vanishing theorems. We state each statement in a special case, and we refer to the original sources for the full generality. On the other hand, we also present proofs, which hopefully in these specialized setups are easier to follow than their original appearances. We also present some sample applications in Corollary 4.10, Corollary 4.11, Corollary 4.16 and Corollary 4.18. For a list of further, mostly more involved, applications see the articles surveyed in Section 5.
Cartier modules
In characteristic 0, the theory of the classification of algebraic varieties largely depends on Hodge theory, so on objects that are either D-modules or are closely related to D-modules. For example, one can think about Kodaira vanishing and its souped up versions, or about the theory of variations of Hodge structures, etc. This D-module theoretic point of view was unified by Saito's celebrated theory of Hodge modules (e.g., [Sai16] ). In this point of view, roughly all the above mentioned Hodge theoretic foundations of higher dimensional algebraic geometry are of D-module theoretic origin.
The main feature of D-modules on varieties over C is the Riemann-Hilbert correspondence, that is, they are equivalent to constructible sheaves in the adequate sense [Del70, Kas84] .
Definition 4.1. A Cartier module on X is a triple (M, e, φ), where M is a coherent sheaf on X, e > 0 is an integer, and φ : F e * M → M is homomorphism of coherent sheaves. In this setting φ s : F s·e * M → M is defined as the composition of the following homomorphisms.
It is an easy exercise to show that
. In particular, by projecting to the first factor, we obtain a Cartier module structure on O P 1 .
Example 4.3. The most typical example of Cartier modules are coming from dualizing sheaves. Indeed, using the notations of Remark 3.17, Tr F : F * ω X → ω X is a Cartier module. Furthermore, if f : X → Y is a proper morphism, one can endow also R i f * ω X with a Cartier module structure. Indeed, by pushing forward Tr F we obtain a homomorphism ψ : R i f * F * ω X → R i f * ω X . Then using that f • F = F • f and that F is an affine morphism, we obtain that
Composing this isomorphism with ψ yields the desired Cartier module structure on R i f * ω X . 
Definition 4.5. The stable image of Proposition 4.4 is denoted by σ(M).
The above definition allows us to define an ideal which measures how much a singularity is not F -pure. Definition 4.6. Assume that ω X is a line bundle. Then σ(X) ⊆ O X is the ideal, such that σ(X) ⊗ ω X is the stable image of the Cartier module (ω X , Tr F ).
Proposition 4.7. σ(X) = O X if and only if X is F -pure.
Proof. We may assume that X is affine. The equality σ(X) = O X is equivalent to F e * ω X → ω X being surjective. By duality this is equivalent (as in Lemma 3.18) to the splitting of O X → F e * O X for all integers e > 0. This can be seen to be equivalent to the splitting of only O X → F * O X [ST12, Exc 2.8], which is exactly the definition of F -purity.
Positivity results on Cartier modules
The main tool for finding sections using Cartier modules is the following theorem.
Theorem 4.8. (c.f., [Kee08, Sch14, Pat16] ) If (M, φ, e) is a coherent Cartier module, A is an ample globally generated line bundle and H is an arbitrary ample line bundle on X, then σ(M) ⊗ A dim X ⊗ H is globally generated.
Proof. Set n := dim X. By Proposition 4.4, φ s : F s·e * M → σ(M) is surjective for every integer s ≫ 0. Therefore it is enough to prove that F s·e * M ⊗ A n ⊗ H is globally generated for every e ≫ 0. Hence, by [Laz04, Theorem 1.8.5] it is enough to prove that for every e ≫ 0 and i > 0,
However,
Since n − i ≥ 0 and both A and H are ample, Serre-vanishing concludes our proof.
Theorem 4.8 says that (non-nilpotent) Cartier modules cannot be arbitrarily negative:
Corollary 4.9. Every Cartier module structure on O P n (d) is nilpotent for d < −n − 1 (nilpotent means that the stable submodule is zero).
Proof. Assume there is a non-nilpotent Cartier module structure on O P n (d). Then σ(O P n (d)) is a non-zero coherent submodule of O P n (d). In particular, it is a line bundle
Apply now Theorem 4.8 with A = H := O P n (1). Then we obtain that O P n (d ′ + n + 1) is nef.
Here is our baby application of Theorem 4.8. It is a positive characteristic analogue of the famous characteristic zero statement of Fujita that f * ω X/Y is a nef vector bundle for a fibration over a curve [Fuj78] . This particular statement applies for example to any Gorenstein degeneration of a smooth, projective variety with full rank Hasse-Witt matrix (see the definition in the statement). Examples of such varieties are ordinary abelian varieties, or ordinary K3 surfaces. For other results in this direction, using related methods, see [Pat14, Pat16, Eji15, Eji16a] . After Corollary 4.10 we give a sample geometric application in Corollary 4.11.
Corollary 4.10. Assume the base field is algebraically closed. Let f : X → T be a Gorenstein, flat, projective morphism of pure dimension n to a smooth, projective curve, such that general fibers X t are smooth varieties with full rank (non-zero) Hasse-Witt matrix, where the latter is the matrix (in any basis) of the action of Frobenius on H n (X t , O Xt ). Then f * ω X/T is nef.
Proof. First, note that f * ω X/T is torsion-free, since it is the push-forward of a torsion-free sheaf. Since T is a smooth curve, this means that f * ω X/T is in fact locally free. Then, by duality [Kle80] one obtain that R n f * O X ∼ = Hom T (f * ω X/T , O T ) is also locally free.
Consider now the commutative diagram on the left for t ∈ T a general closed point, which induces then the other diagram on the right.
Let n be the relative dimension of f , and apply R n f * ( ) to the latter diagram. This yields (4.10.a)
By cohomology and base-change [Har77, Thm III.12.11], (R n f * O X )⊗k(t) ∼ = H n (X t , O Xt ) via right vertical map of (4.10.a). Furthermore, the bottom horizontal arrow is exactly the Frobenius action on H n (X t , O Xt ), which is then injective. It follows then that
In particular, by applying the duality functor Hom T ( , ω T ) we obtain that F * f * ω X → f * ω X is generically surjective. This then implies, using Proposition 4.4, that σ(f * ω X ) ⊆ f * ω X has full rank. Now, we have to prove that for every quotient bundle f * ω X/T ։ Q, deg Q ≥ 0. In fact, it is enough to prove that there is an integer d (possibly negative) such that for every integer e ≥ 0, deg (F e ) * Q ≥ d. Indeed, if we prove this then p e det Q = det (F e ) * Q ≥ d for every integer e ≥ 0, and letting e → ∞ proves our claim.
Denote by T e the source of F e to distinguish between the source and the target. Then by flat base-change (F is flat, since T is smooth), (F e ) * f * ω X/T = (f T e ) * ω X T e /T e . Hence, (F e ) * Q is a quotient of (f T e ) * ω X T e /T e . Hence, since f T e satisfies all the assumptions that we have on f , it is enough to show the above statement only for f . That is, it is enough to show that there is an integer, d depending only on T and rk(Q) such that deg Q ≥ d.
Choose now any line bundle A of degree 2g(T ) and any degree 1 line bundle H. Then A is ample and globally generated by [Har77, Cor IV.3.2]. Hence, by Theorem 4.8, σ(f * ω X ) ⊗ L ⊗ H is globally generated, which in turn implies that (f * ω X/Y ) ⊗ ω Y ⊗ A ⊗ H is generically globally generated, hence so is Q ⊗ ω Y ⊗ A ⊗ H. In particular, the latter sheaf has degree at least zero, and hence
This concludes our proof.
There are many more geometric statements that one can deduce from Corollary 4.10 and the above mentioned related results. We give only one example, which was chosen admittedly arbitrarily.
Corollary 4.11. Let f : X → T be a smooth Calabi-Yau 3 fold (where we only use that ω X ∼ = O X ) fibered over a curve with generic fibers being smooth ordinary K3 surfaces or ordinary abelian surfaces (where we only use that ω Xt ∼ = O Xt and that the Hasse-Witt matrix has full rank). Then g(T ) ≤ 1.
Proof. By Corollary 4.10, f * ω X/T is nef and non-zero. Furthermore, since the general fibers are Calabi-Yau varieties for which ω Xt ∼ = O Xt , f * ω X/T is in fact of rank 1 and hence a line bundle. Additionally, then by the same reason f * f * ω X/T → ω X/T is an isomorphism at the generic fiber of f . So, if D is a divisor of the line bundle f * ω X/T , then for some effective divisor Γ on X,
, and so for the Kodaira dimension, κ(f * (D +K T )+Γ) ≥ 1 holds. This contradicts the K X ∼ 0 in the above equation.
Frobenius stable sections and the lifting lemma
A twist of the Cartier module F * ω X → ω X , explained in Example 4.3, shows up in adjunction situations [Sch09] . This led eventually to another method of finding sections, which in turn led to the advances in 3-fold Minimal Model Program [HX13] . We present here the simplified version of the theory.
Definition 4.12. Let X be a smooth projective variety, D an effective divisor and L a line bundle on it. Then
for any integer e ≫ 0. Here, the map is induced from Tr F e ,O X by precomposing with "multiplication" by (p e − 1)D, then tensoring with L, and finally applying H 0 ( ) to it. The above maps factor through each other, and hence the images form a descending sequence of subspaces in a finite dimensional vector space. Hence, for e ≫ 0 the images stabilize, and hence the definition makes sense. 
Proof. Consider the following commutative diagram.
to the above diagram (using duality and the projection formula a few times) we obtain
Completing with the cokernels we obtain the following diagram:
One can show that the left-most vertical arrow is the trace map (this follows from the setup of the duality theory in [Har66] , or from the fact that the trace map at the Gorenstein points is the local generator of Hom X (F e * O X ((1 − p e )K X ), O X ), which can be proven by an easy duality argument). Hence, we see that if we tensor this diagram with L and then take cohomology long exact sequence of both rows we obtain for each integer e > 0 the following diagram where the left column is exact:
In particular, we see that to prove the surjectivity claimed in the statement, it is enough to show that for all e ≫ 0,
This vanishing is satisfied by Serre vanishing, using the L − K X − D ample assumption.
Remark 4.15. Theorem 4.14 is the simplified version of [Sch14, Thm 5.3]. The latter is presented in the more general framework of pairs, using the adjunction theory mentioned in Remark 3.19.
Bounding F -stable sections
To use Theorem 4.14 for finding sections we need another ingredient guaranteeing that S 0 (D; L| D ) is big enough. In dimension 1, i.e., if X is a smooth, projective curve, Tango showed that
[Tan72, Lemma 10-Lemma 12]. The following is a sample baby application of this bound. For stronger statements in this direction, we refer to [Eke88, SB91] , although these use different techniques.
Corollary 4.16. Let X be a smooth, projective surface with K X ample. If mK X ∼ C for some smooth curve C and integer m ≥ 2, then |m(m + 1)K X | is a free linear system.
surjects onto H 0 (C, L| C ). In particular, using that mK C is free for m ≥ 2, we obtain that L is free at every point of C. On the other hand, it is also free at the points of X \C, since (m+1)C ∼ L.
Unfortunately, in higher dimensions one cannot hope for a result similar to Tango's, that is, a statement saying that for ample line bundles L of big enough volume S 0 (X, L) = H 0 (X, L) holds, where the bounds depend only vol(X). Indeed, one can easily find a counterexample amongst surfaces of the form C × D, for some curves C and D, and line bundles L of the form N ⊠ M.
On the other hand, by increasing the degree of N , vol(L) goes to infinity. Hence, so far the best known statement is [Pat14, Cor 2.23], the simplified version of which is as follows.
Theorem 4.17. [Pat14, Cor 2.23] Let X be a smooth, projective variety, D a smooth effective divisor, and L an ample line bundle on X. Then, for every n ≫ 0,
Proof. By the functoriality of trace maps, we have an infinite diagram, where the compositions of any successive arrows is F i * (Tr F j ) for some i, j.
Twisting this diagram with ω −1 X and precomposing each map with "multiplication" by (p e − 1)D, we obtain the following other diagram, where all maps are induced from Tr F,O X by precomposing with "multiplication" by (p − 1)D, then tensoring with O X ((1 − p e−1 )(K X + D)), and applying F e−1 * ( ).
By tensoring the latter diagram with L n and applying H 0 (X, ), we see that it is enough to find an integer n 0 such that the maps obtained this way are all surjective for n ≥ n 0 . That is we want to show that for n ≥ n 0 and e > 0 the map (4.17.a)
is surjective. However, by the trace map remark above, this map comes from the exact sequence
In particular, for surjectivity of (4.17.a), it is enough to show the following (here L is a divisor of L):
, there is an n 0 , such that the above holds for each integer e > 0 and n ≥ n 0 .
The following is a sample application of Theorem 4.17. We note that the surface case of the statement can also be shown using vanishing theorems available for surfaces (e.g. [Har98b] [PST14]). However, there are no such vanishing theorems in higher dimensions, and hence we are not aware of a significantly different method in the general case. We also note that Corollary 4.18 is an instance of the general phenomenon that some log canonical singularities are F -pure. This works so much in dimension 2 that in fact all surface Kawamata log terminal singularities are F -pure if p > 5 [Har98b] .
Corollary 4.18. An A 1 rational double point surface singularity is F -pure. More generally, if x ∈ X is s singularity, such that (1) X is Gorenstein, canonical (2) X admits a resolution of singularities f : Y → X, such that E = Exc(f ), where i. E is globally F -split and (smooth) Fano (say E ∼ = P n ), and ii. O Y · f −1 m x,X = I E,Y (the pullback of the ideal of x is the ideal of E), then X is F -pure at x.
Proof. We may assume that X is affine and local. By the proof of Proposition 4.7, we see that X is F -pure at x if and only if the trace map F e * ω X → ω X is surjective for every integer e ≫ 0. Then, by twisting with ω −1 X , this is equivalent to asking that F e * O X ((1 − p e )K X ) → O X is surjective.
Consider now the following commutative diagram (c.f., the proof of Theorem 4.14):
Since X is affine, it is enough to show the surjectivity of α for every e ≫ 0. This follows from the surjectivity of β for e ≫ 0. By assumption (2|ii), and Nakayama's lemma, for that it is enough to show that both γ and δ are surjective. The surjectivity of δ (for every integer e > 0) follows from assumption (2|i). Indeed, if E is globally F -split, then O E ((1 − p e )K E ) → O E is surjective, as it is the dual of the split injection O E → F e * O E . Hence, we are left to show the surjectivity of γ for e ≫ 0. By assumption (2|i), E is Fano and hence K E is anti-ample. In particular, by Theorem 4.17,
for every integer e ≫ 0. Hence, by Theorem 4.14,
, which concludes our proof.
APPLICATIONS TO HIGHER DIMENSIONAL ALGEBRAIC GEOMETRY
The methods for finding sections presented in Section 4 led recently to many advances in positive characteristic algebraic geometry. Some of them used the global generation result on Cartier modules presented in Section 4.2 or the idea of its proof, and others used the lifting method presented in Section 4.3 and Section 4.4. Even others were not using directly the tools of Section 4, but were building on other results proven by those methods. Below we summarize these results. Here we only list them, possibly indicating the method of their proof, and we refer to the original articles for the proofs or the more detailed statements.
Minimal Model Program
Probably the most prominent application is the, by now fairly complete, Minimal Model Program for 3-folds. The main missing piece is abundance for Kodaira dimension 0, although also some of the standard applications are also missing such as most of the usual boundedness results.
The story started before the dawn of the methods in Section 4, when Keel proved a base-point freeness theorem in the general type case [Kee99] with unrelated methods. In his paper he also presented a Cone theorem for effective pairs, which was a folklore statement at the time.
After Keel's results the main question was if flips exist for 3-folds. This was shown in [HX13] in the case of standard coefficients {n − 1/n|n ∈ Z >0 } for p > 5, using mostly the lifting techniques of Section 4.3 and Section 4.4, as well as the results about Seshadri constant discussed in Section 5.2. These technical tools were used in the framework originally developed by Shokurov of proving existence of flips (c.f., [Sho03, Fuj07] ). An important ingredient is a generalization of Hara's result that Kawamata log terminal surface singularities are strongly F -regular if p > 5 [Har98b] , c.f., Corollary 4.18. In particular, this is the main reason for the p > 5 restriction.
After the proof of existence of flips, most of the other papers were not using Frobenius techniques directly, but rater the techniques of the Minimal Model Program, building on the results of [HX13] . An exception was [CTX13] , where the Cascini, Tanaka and Xu proved global generation results using some very intricate version of the Frobenius techniques.
Let us conclude Section 5.1 by listing the above mentioned papers that build on the results of [HX13] rather than using the Frobenius techniques directly. In particular, these papers necessarily pertain to 3-folds and p > 5. First, Birkar showed using a clever MMP trick the existence of flips for arbitrary coefficients [Bir13] . In the same article he showed many other MMP related theorems, e.g., ACC for log canonical threshold, base point freeness, etc. Xu also gave an independent proof of the latter [Xu13] . The already mentioned articles gave a full treatment of the general type case. The rest was wrapped up in the papers of Birkar and Waldron [BW14, Wal15, Wal16] .
Seshadri constants
Mustaţȃ and Schwede introduced a Frobenius versions ǫ F (L, x) of Seshadri constants in [MS12] , where L is a line bundle, and x ∈ X is smooth point. They could prove that if ǫ F (L, x) > 1, then ω X ⊗L is globally generated at x, and if We note that similar global generation statements were shown for surfaces in [CF15] by methods not discussed in the present article. There is no assumption here of Seshadri type, so the result says that if L is an ample Cartier divisor on a smooth surface X, then 2K X + 38L is very ample. These are the smallest constants known so far for surfaces for Fujita type very ampleness statements.
Semi-and weak-positivity
In characteristic zero, statements proving semi-positivity (i.e., nefness) or weak-positivity (roughly the version of pseudo-effectivity for vector bundles) of f * ω X/T for fiber spaces f : X → T have been abundant and central [Gri70, Fuj78, Kaw81, Vie83, Kol87] . In positive characteristic, similar results were obtained only recently by the author of the article and Ejiri [Pat14, Pat16, Eji15, Eji16b] via (all) the methods of Section 4, plus a careful study of the behavior of all this in families in [PSZ13] . Similar methods yield subadditivity of Kodaira dimension type statements, that is, that κ(X) ≥ κ(T ) + κ(F ) for a fiber space f : X → T with geometric general fiber F [Pat16, Eji16a, Zha16]. More precisely, the author of the present article showed in [Pat16] subadditivity of Kodaira dimension if the base is of general type and the Hasse-Witt matrix (c.f., Corollary 4.10) of the geometric generic fiber is not nilpotent. In the other direction, when the dimension is fixed, but the other assumptions are relaxed, Ejiri showed full subadditivity of Kodaira dimension for 3-folds in [Eji16a]. This result was earlier obtain over finite fields, and their algebraic closure by Birkar, Chen and Zheng [BCZ15] . However, instead of using Frobenius techniques directly, they used [Pat14] together with the MMP results explained in Section 5.1. Furthermore, [CZ13] shows the relative 1 dimensional case of subadditivity of Kodaira dimension by completely unrelated techniques originating from [Vie77] .
Abelian varieties, generic vanishing and varieties of maximal Albanese dimension
There has been much known classically about abelian varieties themselves in positive characteristic (e.g., [Mum70] ), and not much has been added to that using Frobenius techniques. On the other hand, there have been many interesting new results concerning divisors or cohomology on abelian varieties, or varieties mapping to abelian varieties. First, Hacon showed in [Hac11] a multiplicity bound on the linear systems of Theta-divisors using techniques as in Section 4. Next, Zhang obtained with similar methods that |4K X | is birational for varieties of maximal Albanese dimension with separable Albanese morphism [Zha14] .
Later, Hacon and the author of the present article showed a generic vanishing type theorem for Cartier modules [HP13] , which (weakly) mirrors the generic vanishing theorems available for holonomic D-modules over C [Sch13] . This then applied to the Cartier module a * ω X (Example 4.3), where a : X → A is the Albanese morphism of a projective variety, yields generic vanishing results similar to the classical ones in characteristic zero. An example statement is that for a Cartier module M on an abelian variety A and for any integer i > 0, the natural homomorphism One consequence of the above generic vanishing theorem is a characterization of ordinary abelian varieties. An abelian variety A is ordinary if the action of the Frobenius on H dim A (A, O X ) is bijective, or equivalently S 0 (A, O A ) = 0, using Definition 4.12. Then in [HP13, Thm 1.1.1.a] it is shown that a smooth projective variety X is birational to an ordinary abelian variety if and only if its first Betti number is 2 dim X, κ S (X) = 0 (where κ S is the version of Kodaira dimension defined using S 0 ( ) instead of H 0 ( ) [HP13, 4.1]), and the degree of the Albanese map of X is prime-to-p. Similar methods yielded also a characterization of abelian varieties in [HP15] (so no ordinarity): X is birational to an abelian variety if and only if κ(X) = 0 and the Albanese map is generically finite of degree prime-to-p over its image. Furthermore, using the results of [HP13] , Sannai and Tanaka proved another characterization of ordinary ablian varieties [ST16] : X is an ordinary abelian variety if and only if K X is pseudo-effective and F e * O X is a direct sum of invertible sheaves for infinitely many integers e > 0.
In a different direction, Wang showed generic vanishing type statement for surfaces lifting to W 2 (k) [Wan16] , which he used for classification statements for surfaces.
Numerical dimensions
In [Mus11] , Mustaţȃ showed the characterization of the non-nef locus, also called diminished base-locus, using the asymptotic order of vanishing, which has been known for a while in characteristic zero [ELM + 06]. The method is a generalization of that of Theorem 4.8. Related methods are used in [CHMS12] to show that if a pseudo-effective divisor had numerical dimension 0, then it is numerically equivalent to the negative part of its divisorial decomposition (see [Nak04, Thm V.1.12] for the characteristic zero version).
We also mention that by methods not discussed in this article (see [Kee99] ), Cascini, M c Kernan and Mustaţȃ showed that the augmented base-locus of a nef line bundle is equal to its exceptional set, that is the union of those irreducible subvarieties over which it has zero self-intersection [CMM11] (see [Nak00] for the characteristic zero version).
Rationally connectedness and Fano varieties
In the past few years there have been quite a few results about rationally chain connectedness of 3-folds. First, in [GLP + 15] it was shown that globally F -regular 3-folds are rationally chain connected if p ≥ 11. The method uses the MMP for 3-folds (Section 5.1) together with some facts about globally F -regular varieties. Later, this result was generalized to Fano type 3-folds for p > 5 in [GNT15] by Gongyo, Nakamura and Tanaka. The latter article used MMP, particularly MMP for Fano type varieties, which was not available to the fullest generality at the time of [GLP + 15]. Furthermore, Wang also showed a relative version of these results in [Wan15] .
We note that using the above rationally chain connected property, it was also shown in [GNT15] that Fano type varieties over F q have a rational point. In fact, it was shown that they have W Orational singularities, from which the above (and also a more precise) rational point statement follows using [BE08] . This generalizes to the singular setting the 3-fold case of Esnault's result on rational points of Fano manifolds [Esn03] .
Also, about anti-canonically polarized varieties, Ejiri proved in [Eji16b] that if f : X → Y is a flat fiber space (including smoothness of X and Y ) with strongly F -regular fibers such that −K X is nef and big, then so is −K Y . This is a generalization of the consequence of the Hurwitz formula stating that the finite image of a rational curve is a rational curve. Different versions of the statement have been known for a while in characteristic 0 (see [Eji16b] for references).
Canonical bundle formula
Canonical bundle formulas generalize the classical formula of Kodaira for elliptic fibrations, relating the (log-)canonical divisor of the base of a fibration the fibers of which have trivial (log-)canonical divisors to the (log-)canonical divisor of its total space. First, Das and Schwede showed such a formula for pairs with indices prime-to-p and globally F -split generic fibers [DS15] . This had consequences on adjunction theory of high codimension log canonical centers. It was shown in the same article that for such a center the usual different is always smaller than the F -different. In fact, in codimension 1 the two differents agree, a statement showed earlier also by Das [Das15, Thm 5.3] . In the same direction, also using a canonical bundle formula, not requiring F -singularity assumption but only working for families of curves, Hacon and Das drew consequences on adjunction theory of one dimensional log canonical centers on 3-folds [DH15] .
Kodaira type vanishings, surjectivity statements and liftability to characteristic 0
Using methods related to Theorem 4.17, Tanaka showed that on a smooth projective surface, although Kodaira vanishing fails, H 1 (K X + A + mN ) = 0, where A is an ample divisor, N is a nef, numerically non-trivial divisor and m ≫ 0 is a big enough integer [Tan15b] . In the same article, he drew consequences for the log-MMP on surfaces.
A usual use of Kodaira vanishing in characteristic 0 birational geometry is to show lifting statements for pluricanonical forms as follows: Assume that K X + S + A is nef, where for simplicity assume that X is smooth and A and S are divisors on X. Assume also that A is ample, S is a smooth and effective and K X +S +A is nef. Then Kodaira vanishing implies that H 1 (X, O X (K X +A+(m− 1)(K X + S + A))) = 0 for any integer m > 0. In particular, this implies that H 0 (X, O X (m(K X + S + A))) → H 0 (S, O S (m(K S + A| S ))) is surjective. Tanaka showed in [Tan15a] that the same surjectivity holds for positive characteristic 3-folds assuming that κ(K S + A| S ) = 0 and m ≫ 0.
It has been known for a while that despite the failure of Kodaira vanishing for surfaces in general [Ray78] , it does hold for special surfaces that are not elliptic of Kodaira dimension 1 [Eke88, SB91] . However, there has been not much known about the Kawamata-Viehweg vanishing theorem, as its usual proof involves passage to certain branch covers that are typically of general type. Cascini, Tanaka and Witaszek showed recently that Kawamta-Viehweg vanishing does hold for surfaces of Fano type for p ≥ p 0 [CTW16] , where p 0 is some integer. Unfortunately, only the existence of such a p 0 is known so far, although knowing it explicitly would be very useful. The above KawamataViehweg vanishing is deduced from the other result of [CTW16] , which states that over a certain prime a Fano-type variety X together with the boundary B guaranteeing the Fano type condition is either globally F -regular or it has a log-resolution lifting to characteristic zero (here the bound on the prime depends on the coefficients of B). In a related direction Zdanowicz showed different connections between F -singularities and liftability to W 2 (k) together with the Frobenius [Zda16] .
